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Abst rac t - -We obtain, respectively, new sufficient conditions for the oscillation of all solutions 
and the existence of a positive solution of the neutral delay differential equation 
d 
d-t [z(t) - P(t)x(t - r)] + Q(t)z(t - 6) = O, t > to, 
O0 where r,~ E (O,c~), P,Q E C([to, oo),R+), and fro Q(s)ds < oo. 
Keywords- -Neutra l  equation, Oscillation, NonosciUation, I tegrable coefficient. 
I .  INTRODUCTION 
The purpose of this paper is to study the oscillation of all solutions and the existence of a positive 
solution of the neutral delay differential equation of the form 
d 
d-t [x(t) - P( t )x ( t  - T)] + Q(t)x( t  - 6) = O, t > to, (1.i) 
where 
r>0,  ~>0,  P, QEC( [ t0 ,  oo) ,R+),  and Q(s) ds<oo.  (1.2) 
The case when f ro  Q(s )ds  = c~ has been much studied, one refers to the recent two mono- 
graphs [1,2]. For the case when f~o Q(s) ds < oo, the first result on the oscillation of all solutions 
of equation (1.1) with P(t )  = 1 was established in [3]. Applying the idea developed in [3], some 
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further oscillation results were obtained in [4-7]. For the case when P(t)  = 1, it was proved in [8] 
that equation (1.1) has a bounded positive solution if and only if 
~tT sQ(s) ds < c¢. (1.3) 
We consider the following example discussed in [3,6,8]: 
d 1 
d-t [x(t) - x(t  - r)] + ~ffx(t - 6) = O, t > 1, (1.4) 
where r > 0, 6 > 0, and a • R. it was proved in [2] that every solution of equation (1.4) 
oscillates if a _< 1. In [8], it was shown that equation (1.4) has a bounded solution if and only 
if c~ > 2. And in [6], it was verified that every solution of equation (1.4) oscillates if 1 < a < 2. 
But, we do not know how to handle the case a = 2. Also we do not know what is the necessary 
and sufficient condition for equation (1.4) to have an unbounded positive solution. We have been 
expecting such a result for the case a = 2. In this paper, we will resolve the above problems once 
and for all, precisely, we will prove in Section 3 that every solution of equation (1.4) oscillates 
if and only if a < 2 or a = 2 and r < 4, and that equation (1.4) has an unbounded positive 
solution if and only if a = 2 and r _> 4. We may see the table in detail in Section 3. 
As usual, a solution of equation (1.1) is said to oscillate if it has arbitrarily large zeros. Oth- 
erwise, the solution is called nonoscillatory. 
In the sequel, for convenience, when we write a functional inequality without specifying its 
domain of validity, we assume that it holds for all sufficiently large t. 
2. USEFUL  LEMMAS 
In this section, we present wo very useful lemmas which will play an important role in the 
study of the oscillation of equation (1.1). 
LEMMA 2.1. Assume that (1.2) holds and that there exist positive integer k and constant * > to 
such that 
k 
liP(t* +jkr  - (i - 1)r) < 1, fo r j  = 0, 1 ,2 , . . . .  (2.1) 
i= l  
Let x(t) be an eventually positive solution of the inequality 
d 
d~ [z(t) - P( t )x ( t  - r)] + Q(t)x(t  - 5) <_ O, 
and define 




y(t) > o. (2.4) 
PROOF. By (2.2), we have 
dy(t) < -Q( t )z ( t  - 5) < o, 
dt - 
which means that y(t) is eventually nonincreasing. Thus, if (2.4) is not true, then eventually 
y(t) < 0. In this case, we may assume that P(t)  is eventually positive. Choose TI > to + kr  and 
> 0 such that x(t  - kr)  > O, P ( t  - kr) > 0, and y(t) < -/~ for t > T1. Hence, 
x(t) < -8  + P( t )x ( t  - r), t > T1, 
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which yields 
k 
x(t) <_ -~ + I IP  (t - (i - 1)r) x(t - kr), t >_ T1 + kr. (2.5) 
i= l  
Let n* be a positive integer such that t* + n*kr > T1 + kr. Then by (2.1) and (2.5), we have 
k 
x (t* + n*kr + jkr )  < -~ + H P (t* + n*kr + jk r  - (i - 1)r) x (t* + n*kr Jr (j - 1)kr) 
i=i 
<- -8  + x(t* Jrn*kr Jr ( j -  1)kr), j = 0 ,1 ,2 , . . . ,  
which yields 
x( t*+n*kT+jkr )<- ( j+ l ) ]~+x( t*+(n* - l )kT ) -+-oo ,  as j - - ,oo .  
This is impossible and so the proof is complete. 
LEMMA 2.2. Assume that (1.2) holds and that 
P(t) >_ 1, (2.6) 
and for some nonnegative number A < v /~,  
) 
Let x(t) be an eventually positive solution of (2.2) and y(t) be defined by (2.3). Then eventually 
y(t) < 0. (2.8) 
PROOF. By (2.2) and (2.3), we have 
d~(t---2) < -Q( t )x ( t  - ~)  < o. 
dt - 
Therefore, if (2.8) does not hold, then eventually (t) > 0. Choose T* > max{to + 5,t*} such 
that P(t) >. 1, x(t - T) > O, x(t -- 5) > O, and y(t) > 0 for t >_ T*. For every positive integer n, 
we have when T* + nr  + 5 _< t < T* + (n + 1)r + 5, 
-~:(t - 5) = y(t - 5) + P(t - 5)x(t - 5 - v) 
> y( t  - 5) + x ( t  - 5 - ~) 
> y( t  - 5) + y ( t  - 5 - ~) +.. .  + y (t - 5 - (n  - 1)~) + x ( t  - 5 - n~)  
n--1 
> Zy( t -5 -k , )+c ,  
k=O 
where C = min{x(t) : T* < t < T* + r} > 0. Since y(t) is nonincreasing for t > T*, we have for 
t >_T=T*  + 2~ +5 
-~1 n-lk o ~O'r x( t -5 )  >_ E y (s+t -5 -k~' )ds+C 
r Jt-6-(n-Dr y(s) ds + C >- T JT*-b2~" y(8) ds + C 
, r  ,+. ,£ > - y(s) ds > y(s) ds + C. -- 7" JT*-t-21"-t-~ -- 7 
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Substituting this into (2.2), we have 
Set 
J. S. Yu et al. 
dt - 
Then z(t) > O, ~ > 0 for t _> T and 
Set 
/i z(O = y(s) ds + C. 
d2z(t) 1 
dr---- ~-  + Q(t)z(t) <_ o, 




u( t )= dt 
z(t) " 
That is, 
du(t) + u2(t ) -{- 1Q(t) < o, 
dt 
t>_T. (2.9) 
t > T. (2.10) 
t >T, 
t>T, du(t) + u2(0 + -;-Q(O + - Q(O < o, dt 
t>T .  (2.11) 
d---~ + A~u( t )  + 4 Q(t) <_ O, t > T. 
)~2 t 
4) /T  Q(v)exp(A /~v/~ds)  dv<-O" 
t>_T. 
By integrating (2.11) from T to t, we have 
u( t )exp(A / :V~-~ds) -u (T )+(  1 
Therefore, 
(1  ~) / :  O(v)exp (A /T  ~ds)  dv<_u(T), 
Letting t -~ oe, and noting 1/r - A2/4 > 0, we get 
~Q(v 'exp(A~x/~ds)  dv<oo, 
which contradicts (2.7) and so the proof is complete. 
3. MAIN  RESULTS 
In view of Lemmas 2.1 and 2.2, we immediately have the next two theorems. 
THEOREM 3.1. Assume that (1.2), 
tion (1.1) oscillates. 
(2.I), (2.6), and (2.7) hold. Then every solution of equa- 
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THEOREM 3.2. Assume that (1.2) and (2.7) hold and that 
P(t )  - 1. 
Then every solution of equation (1.1) oscillates. 
THEOREM 3.3. Assume that (1.2), (2.6), and (2.7) hold and that 
P ( t  - ~f)Q(t) < Q(t  - r). 




PROOF. Otherwise, equation (1.1) has an eventually positive solution x(t).  Now set y(t) as 
in (2.3). Then by Lemma 2.2, we have (2.8). Thus, by (1.1), (2.3), and (3.2), we have 
dy(t) = -Q( t )x ( t  - 6) 
dt 
= -Q( t )  [y(t - 6) + P ( t  - 6)x(t  - 5 - r)] 
> -Q( t )y ( t  - 6 )  - Q( t  - r )x ( t  - - 
dy(t - r)  
= -Q( t )y ( t  - ~f) + dt ' 
which implies that -y ( t )  is an eventually positive solution of the inequality 
d 
[z(t) - z(t - r)] + Q(t)z( t  - ,5) <_ O. 
Thus, by directly using Lemmas 2.1 and 2.2, we may obtain a contradiction and so the proof is 
complete. 
The next theorem provides a sufficient condition for the existence of a positive solution of 
equation (1.1). 
THEOREM 3.4. Assume that (1.2) holds and that there exist constants C E R and t* >_ to such 
that 
0 < P(t)  <_ 1, t > t* (3.3) 
and 
V~ Q(s ) (v~ - C) ds < 2 '  t > t*. (3.4) 
Then equation (1.1) has a posit ive solution. 
PROOF. Let C' mad T be such that T > max{t*, r, 6} and ~ -  C' > 0, v / t -  C > ~ -  C' 
for t > T. Set 
y(t) = vq - C'. 
Then 
y(t) = P( t )y ( t  - T) + y(t) - P ( t )y ( t  - r)  
> P ( t )y ( t  - T) + y(t) -- y(t -- r) 
T T 
= > P( t )y ( t  - r) + 2Vq P( t )y ( t  - r) + Vq + x/t - r - 
> P( t )y ( t  - , )  + Q(s)(~/~ - C) as 
/7 > P( t )y ( t  - r) + Q(s)y(s  - 6) ds, for t > T, 
which using a method similar to the proof of [4, Theorem 1], yields that equation (I.i) has a 
positive solution. This completes the proof. 
In view of [8, Theorem 1] and the above Theorem 3.4, we immediately have the following 
theorem which provides a sufficient condition for equation (1.1) to have an unbounded positive 
solution. 
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THEOREM 3.5. Assume that (1.2), (3.i), and (3.4) hold and that 
~?sq( , )  ds = c¢. (3 .5 )  
Then equation (1.1) has an unbounded positive solution. 
THEOREM 3.6. Assume that (1.2) holds. Then the following two statements are true. 
(i) I f  (2.I) and (2.6) hold and there exists a constant z' > z such that 
4t2Q(t) > T', (3.6) 
then every solution of equation (1.1) oscillates. 
(ii) I f  
0 < P(t) _< 1 (3.7) 
and 
4t2Q(t) < r, (3.8) 
then equation (1.1) has  a positive solution. 
PROOF. 
(i) Set A = V/~/T '. Then for some sufficiently large t* 
: Q(t)exp A v /~ds  dt > ds dt 
= 4t 2 dt oo.  
This shows that (2.7) holds. Therefore by Theorem 3.1, every solution of equation (1.1) 
oscillates. 
(ii) Let C = 0. Then eventually 
vq Q(s)(vq- c) ds < J/  ~ 7" 
Hence, (3.4) is satisfied. By Theorem 3.4, equation (1.1) has a positive solution. The proof of 
this theorem is complete. 
Finally, we consider the following special equation: 
d a 6) O, t ~ 3, (3.9) d-- / [=(t)  - x ( t  - 7)]  + ~-T~Tn~t=(t - = 
whereT>0, a>0, 5>0, o~>l, andf~ER. 
First suppose/~ = 0. In this case, we have 
4a, when a = 2, 
4t2Q(t) = 4at 2-~ --* +oo as t ---* oo, when ~ < 2, 
4at 2-a --+ 0 as t --* 00, when c~ > 2. 
Therefore by Theorems 3.5 and 3.6, we see that every solution of equation (3.9) oscillates if and 
only if c~ < 2 or a = 2 and 4a > 7, and that equation (3.9) has an unbounded positive solution 
if and only if a = 2 and 4a <_ 7. 
For the case/~ > 0. We may immediately prove that every solution of equation (3.9) oscillates 
if and only if a < 2, and that equation (3.9) has an unbounded positive solution if and only if 
a = 2 and/~ < 1. When/~ < 0, we can easily verify that every solution of equation (3.9) oscillates 
if and only if a <_ 2, and that equation (3.9) has no unbounded positive solutions. 
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Summarizing the above discussions, Table 1 shows the complete result for equation (3.9). 
Table 1. 
71 
Necessary and Sufficient Conditions for Equation (3.9). 
Have an unbounded Have a bounded 
Oscillate Nonoscillate positive solution, positive solution. 
+ ¢~<2 cx>2 c~=2, /3<_1 c~ >2or  ~=2,  /3>1 
-- cx_<2 c~>2 × ~>2 
a<2or  c~>2or 
0 a=2,  4a<~ c~>2 
a=2,  4a>~- ~=2,  4a~_T 
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